Let {x n } be a sequence of elements of X. {x n } converges to x (written x n → x), and x is the limit of {x n }, if for all > 0, there exists N such that n ≥ N implies d X (x n , x) < . X is closed if x n → x implies x ∈ X,and bounded if, for some
X is compact if it is closed and bounded.
A point x ∈ X is an interior point of X if there exists > 0 such that
The interior of X is the set of all interior points of X.
X is convex if x, x 0 ∈ X and α ∈ (0, 1) imply αx + (1 − α)x 0 ∈ X. For any
where {X η } is the collection of convex subsets of X containing X 0 .
Let x 1 , ..., x k ∈ R m , and let c 1 , ..., c k be scalars. Then
e. x, y ∈ Z implies x + y ∈ Z, and cx ∈ Z for any scalar c), then Z has dimension r ≤ m if Z contains an independent set of r vectors and no independent set of r + 1 vectors.
If X is a convex subset of R m , the dimension of X is the dimension of the smallest vector space containing X (i.e. the intersection over all vector spaces containing X).
A function f : X → Y is continuous at x if f (x) exists, and x n → x implies
. f is continuous if it is continuous at x for all x ∈ X.
A function f : X → R is quasi-concave if x, x 0 ∈ X and α ∈ (0, 1) imply
Proposition 1 If X is compact and convex, and f : X → R is continuous and strictly quasi-concave, then arg max x∈X f (x) exists and is unique.
Proposition 2 If X is compact and convex, and f : X × Y → R is continuous in x and y and strictly quasi-concave in x, then arg max x∈X f (x, y) is continuous.
Proposition 3 (Bolzano-Weierstrass) If X is compact and X 1 ⊇ X 2 ⊇ . . . is a family of nonempty closed subsets of X, then
Proposition 4 (Brouwer's Fixed Point Theorem) If X is compact and convex, and f : X → X is continuous, then there exists x ∈ X such that x = f (x).
Let X 0 ⊂ X. f is a contraction mapping if for some γ ∈ (0, 1), and all x, x 0 ∈
Proposition 5 (Banach Fixed Point Theorem) If X is compact and f : X → X is a contraction mapping, then there exists x ∈ X such that x = f (x) and x is the limit of the sequence {x n } defined by
Propositions 1-5 are not stated in greatest generality. Instead, the versions given are those most immediately applicable to the results in the course.
The correspondence ϕ is upper semicontinuous at the point x 0 if:
Proposition 6 (Kakutani's Fixed Point Theorem) If X is a non-empty, compact, convex subset of R m , and if ϕ is an upper semicontinuous correspondence from X to X such that for all x ∈ X the set ϕ(x) is convex (non-empty), then ϕ has a fixed point.
